The effects of sinusoidal oscillations in the liquid's mass flow rate at the nozzle exit on the fluid dynamics of and mass transfu in annular liquid jets have been analyzed numerically in the absence of inte$acial mass-transfer resistance. It is shown that the pressure and volume of the gases enclosed by the jet, the gas concentration at the jet's inner inteflace, and the mass absorption rates at the jet's inner and outer interfaces are sinusoidalfunctions of time, which have the same frequency as, but exhibit a phase lag with respect to, the liquid's mass flow-rate oscillations. The amplitude of these oscilhztions increases and de&eases, respectively, as the amplitude and frequency, respectiveb, of the mass flow rate oscillation are increased. For the amplitudes and frequencies considered in this paper, no mass enhancement due to mass flow-rate oscillations is observed despite the nonlinear, integrodifferential coupling between the fluid dynamics and mass-transfer phenomena. 0 1997 by Elsevier Science Inc.
Introduction
Annular liquid jets ( Figure I ) may form enclosed volumes, which can be used as chemical reactors for the combustion of toxic or hazardous products and for scrubbing of radioactive and nonradioactive materials, etc.' They may also be used to determine the dynamic surface tension of liquids and the diffusivities of sparingly soluble gases in liquids.2*3
If annular liquid jets are used to burn toxic or hazardous products in the volume that they enclose, it is important that both the jet's thickness and the conditions at the nozzle exit be such that the combustion-generated gases are absorbed by the liquid at a rate equal to or greater than that of combustion and that these gases do not flow through the jet's outer interface, so that no pollution of the surroundings occurs. If the combustion rate is higher than the mass absorption one, the combustion-generated gases will accumulate in the volume enclosed by the annular liquid jet, thus increasing their pressure and volume until either a new steady state is reached or instabilities develop. Unfortunately, due to the small binary diffusion coefficients of gases in liquids, the gases enclosed by the annular liquid jet are absorbed by the liquid at very small rates under both steady4 and transient' conditions, and this implies that toxic or hazardous products have to be burned at a small rate.
To enhance the mass-transfer rates between the liquid and the combustion-generated gases, one may use, for example, oscillatory mass flow rates for the liquid injected at the nozzle exit, acoustic excitations, or oscillatory body forces; the latter may be achieved by oscillating the nozzle in a sinusoidal manner in the axial direction. In the absence of mass transfer it has been shown that oscillatory mass flow rates at the liquid's nozzle exit or oscillatory body forces may result in large variations of both the pressure and the volume enclosed by the annular liquid jet. 6,7 Large temporal variations in the volume enclosed by the annular liquid jet may also be achieved by means of external acoustic fields.' If these variations could be maintained in the presence of mass transfer, and if the increase in the mass absorption rate during the compression part of these oscillations is larger than its decrease during the expansion part of the oscillations, the net mass-transfer rate would be larger than that under steady-state conditions, and toxic or hazardous products could be burned at a higher rate than that under steady conditions. The mass-transfer enhancement thus achieved is referred to as rectified diffusion and is entirely due to the nonlinear, integrodifferential coupling between the fluid dynamics and mass conservation equations. The increase in the mass absorption rate during the compression part of the oscillations is due to the increase in the partial pressure of the gases enclosed by the annular liquid jet and the consequent increase in the gas concentration at 0307-904x/97/$17.00 PII s0307-904x(97)00033-4 the jet's inner interface, if this is assumed to be clean and in equilibrium and if there is no interfacial mass-transfer resistance.
In this paper a numerical study of mass transfer in annular liquid jets subjected to oscillatory mass flow rates at the nozzle exit is presented. This study complements that of Ref. 8 where the effects of oscillating mass flow rates at the nozzle exit on the fluid dynamics of annular liquid jets were analyzed in the absence of mass transfer. In that reference it was found that oscillatory mass flow rates at the nozzle exit resulted in large oscillatory variations of both the pressure and the volume of the gases enclosed by the annular liquid jet.
Since the equation governing the fluid dynamics of and mass transfer in annular liquid jets have been presented elsewhere,5 only a summary of these equation appears in Sections 2 and 3. This summary is aimed at illustrating both the nonlinear coupling between linear momentum and mass transfer in time-dependent annular liquid jets, and the effects of mass flow-rate oscillations at the nozzle exit on the fluid dynamics equations. In the presence or absence of mass flow-rate oscillations the fluid dynamics and gas concentration equations have been solved numerically by means of a domain-adaptive finite difference method that maps the curvilinear geometry of the jet into a unit square.5 Section 4 shows the effects of the amplitude and frequency of the mass flow-rate oscillations on the fluid dynamics of and mass transfer in annular liquid jets. The effects of the other nondimensional parameters that characterize the fluid dynamics and mass transport in annular jets have been the subject of research under both steady4 and transient5 conditions in the absence of mass flow-rate oscillations, and they are not considered here.
Fluid dynamics equations
The nondimensional, asymptotic equation that govern the fluid dynamics of thin, inviscid, incompressible, axisymmetric, annular liquid jets have been derived in Ref. 9 by integrating the Euler equations at each cross-section of the annular liquid jet, and by assuming that the pressure is uniform throughout the liquid and that the annular liquid jet's mean axial and radial velocity components are not functions of the radial coordinate. These equations may be written as
Fr = uE2/g*R*, , We = mzug2/2a*Rg (8) C,,,x =pZR;/2a* (9) the superscript T denotes transpose, Fr and We are the Froude and Weber numbers, respectively, m is the annular liquid jet's mass per unit length, u and Ij are the mean axial and radial velocity components of the liquid, respectively, p is the pressure, R and b are the jet's mean radius and thickness, respectively, t is time, z is the axial coordinate, C,, denotes the pressure coefficient, the asterisk denotes dimensional quantities, B. is the angle with which the liquid leaves the nozzle, and the subscripts i, e, and 0 denote the inner and outer interfaces and the nozzle exit, respectively. The liquid's dimensional axial velocity component at the nozzle exit may be written as u*(O, t*) = ug(l + a sin( o*t*)) (10) where u;E is the liquid's time-averaged axial velocity component at the nozzle exit, and a and w* denote the amplitude and frequency, respectively, of the axial velocity component oscillation at the nozzle exit. Equation (10) may be written in nondimensional form as
where W*U* s, = 0 25-R; (12) denotes the Strouhal number of the sinusoidal axial velocity component fluctuations at the nozzle exit. Note that, since ~(0, t) is a function of time, the liquid's mass flow rate at the nozzle exit, i.e., m(0, t)u(O, t) = 1 + a sin(2nSr), is also a sinusoidal function of time.
In the above equations, length, time, velocity components, and mass per unit length have been nondimensionalized with respect to Rg and Rg/ug, ug, and rng = pR:bi, respectively, where p* is the liquid density. The annular liquid jet merges on the symmetry axis to become a round one at an axial distance L(t) from the nozzle exit, which is referred to as the convergence length, and which may be determined from (cf. equation [61) Ri(t, t = L(t)) = 0,
Equation (14) may be differentiated with respect to t to obtain an ordinary differential equation for L, which accounts for the values of U, 5, R, and m and their partial derivatives with respect to t at the convergence point? Therefore the convergence length is nonlinearly coupled to the fluid dynamics equations. Furthermore the volume of the gases enclosed by the annular liquid jet depends on the convergence length. If these gases are assumed to be ideal and isothermal at the temperature Ti* = T,* = constant and consist of a single species, their pressure and concentration are uniform, and the Mach number is small, 
k is the specific gas constant and V is the nondimensional volume of the gases enclosed by the annular liquid jet. The assumption of uniform pressure throughout the volume enclosed by the annular liquid jet can be justified if the Mach number is small, while the assumption of a uniform concentration is based on the fact that the mass diffusivities of gases are much higher than the binary diffusion coefficients of gases in liquids. The gases surrounding the liquid jet are assumed to be ideal, isothermal, single component, identical to those enclosed by the jet, and infinite in extent so that p: can be assumed to be constant.
Equations (1) and (15) indicate that the fluid dynamics of annular liquid jets depends on mi, which, in turn, depends on the mass absorbed by the liquid and on the mass injected into and/or the mass generated by combustion in the volume enclosed by the jet. In the absence of mass injection or combustion, mi depends on the mass absorbed by the liquid as determined in the following section.
Gas concentration in the annular liquid jet
If volumetric displacement effects due to the gas absorbed by the liquid are small, the liquid may be assumed to be incompressible, and if mass transfer resistances are neglected, the interfaces are clean, and the gas concentration at the jet's interfaces is determined from equilibrium condition corresponding to Henry's solubility law, the gas concentration in the liquid is governed by the following nondimensional equations,' 
where Pe is the Peclet number, SF = Hi*-' and S: = H,*-' denote the solubilities at the annular jet's inner and outer surfaces, respectively, Hi* and H,* denote the Hemy constants at the annular jet's inner and outer interfaces, respectively, D* is the diffisivity of the gas in the liquid, and co* is the dimensional gas concentration at the nozzle exit.
The radial velocity component that appears in equation (18) may be calculated by integrating equation (17) from Ri(t, z) to r and by using the condition that the annular liquid jet's inner interface is a material surface as
where u has been assumed to be only a function of t and z. This assumption can be justified because the gases surrounding and enclosed by the jet have much smaller dynamic viscosities than the liquid and, therefore, they cannot introduce strong velocity variations across the annular jet. This assumption is not valid near the nozzle exit where the liquid relaxes from stick or no-slip boundary conditions at the nozzle walls to slip-free boundary condition at the jet interfaces.' It is also not valid near the convergence point, i.e., near z = L, where a meniscus and an axial pressure gradient may exist. Axial and radial pressure gradients were neglected in the derivation of equation (1).9
The nondimensional mass transfer rate at the inner interface can be written ass All the calculations presented in this paper were performed in double-precision arithmetic with an adaptive numerical method that maps the curvilinear geometry of the annular liquid jet into a unit square.' Initially, a = 0 and the combustion of toxic or hazardous products within the volume enclosed by the annular liquid jet was assumed to occur at a rate equal to the mass absorption rate by the liquid. Once a steady state was reached, time and the combustion within the volume enclosed by the annular liquid jet were set to zero, and the liquid's flow rate at the nozzle exit was varied according to equation (11). Therefore the results presented in this section correspond to the dynamics of annular liquid jets that were initially in steady state, i.e., the combustion rate was equal to the mass absorption rate, and such that, at t = Of, combustion was turned off.
The time and spatial step sizes were varied so as to insure that the calculations were grid-and time-step independent. It was observed that At = AZ = 0.04 gave good results for the mass flow-rate fluctuation considered in this paper. Some sample results are presented in Figures 2-7.
Figures 2 and 3 correspond to a = 0.10 and S, = 0.50, and they indicate that the pressure coefficient, the annular liquid jet's mean radius at the convergence point, the volume enclosed by the annular liquid jet, the mass absorption rates at the jet's inner and outer interfaces, and the gas concentration at the jet's inner interface are sinusoidal functions of time and have the same frequency as, but exhibit a phase lag with respect to, the liquid's mass flow-rate fluctuations at the nozzle exit.
Under steady-state condition the gas concentration at the jet's inner and outer interfaces (cf. equations [20] [9l, 1151, and [201 imply that the gas concentration at the annular liquid jet's inner interface is linearly proportional to the pressure coefftcient). Therefore in the absence of mass flow-rate fluctuation at the nozzle exit, once combustion within the volume enclosed by the jet is turned off, p,? increases until the pressure coefficient, the gas concentration at the jet's inner interface, and the masstransfer rate are all equal to zero. In the presence of fluctuations in the liquid's mass injection rate, one should expect that the pressure of the gases enclosed by the jet and the gas concentration at the jet's inner interface increase in an oscillatory manner until a periodic state is reached, unless the flow exhibits bifurcation phenomena.","
This explains why the results shown in Figures 2 and 3 oscillate around a mean value of zero.
Figures 4 and 5 correspond to a = 0.25 and S, = 0.5, and they exhibit the same trends as Figures 2 and 3 . However the results presented in Figures 2-5 clearly indicate that the amplitude of the oscillations of the pressure coefficient, the jet's mean radius at the convergence point, the gas concentration at the jet's inner interface, the volume of the gases enclosed by the annular liquid jet, and the mass absorption rate increase as a is increased, and the phase diagram for the jet's radius at the convergence point becomes more distorted as a is increased, although this diagram consists of a single closed curve.
Figures 6 and 7 correspond to a = 0.25 and S, = 1, and they show similar trends to those of Figures 4 and 5. However the amplitude of the oscillation decreases as S, is increased. For example for a = 0.25 and S, = 5 the amplitude of the oscillations in the pressure coefficient, the mass absorption rates at the inner interface, and the gas concentration at the jet's inner interface are about 1.75 x 10P4, 6 x 10-6, and 1.75 x 10P4, respectively.
The results presented in Figures 2-7 indicate that the mean values of the mass absorption rates at the jet's inner mass absorption rate is zero; however, supercritical Hopf bifurcations have been observed for larger solubility ratio than the one considered here in the absence of mass flow-rate oscillations at the liquid's nozzle exit for both Henry's and Sievert's solubility laws.'"," The results presented in this paper clearly show that for solubility ratio smaller than that at which a supercritical Hopf bifurcation occurs in the absence of mass flowrate oscillations at the liquid's nozzle exits, annular liquid jets subject to oscillatory mass flow rates exhibit a periodic behavior. Moreover, although not shown here, the jet's thickness and the axial velocity component at the convergence point are also sinusoidal functions of time.
rdao 4435 &I 695 t t Figure  7 . The volume enclosed by the annular liquid jet (top left), the gas concentration at the jet's inner interface (top right), and the mass absorption rates at the jet's inner (bottom left) and outer (bottom right) interfaces.
Conclusions
Mass-transfer phenomena in steady, annular liquid jets are a slow process owing to the small binary diffusion coefficients of gases in liquids. To enhance mass transfer when these jets are employed to confine the combustion of hazardous or toxic wastes it was thought to use sinusoidal mass flow-rate fluctuations at the liquid's nozzle exit and to exploit the potential richness associated with the nonlinear coupling between the fluid dynamics and mass-transfer phenomena for clean gas-liquid interfaces. In this paper it has been shown numerically that, despite the nonlinear coupling between the fluid dynamics and gas concentration equations, the pressure and volume of the gases enclosed by the jet, the gas concentration at the jet's inner interface, and the mass absorption rates at the jet's inner and outer interfaces are sinusoidal functions of time with the same frequency as that of the liquid's mass flow-rate fluctuations. The amplitude of these oscillations increases and decreases, respectively, as the amplitude and frequency, respectively, of the mass flow-rate fluctuations is increased. Furthermore the mean value of these oscillations is zero once a periodic state is reached because of the slowness of mass-transfer phenomena in gas-liquid systems. Therefore for the amplitudes and frequencies of the liquid's mass flow-rate oscillations considered in this paper, mass flow-rate fluctuations do not result in enhanced mass transfer rates.
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